In these lectures I will discuss the following topics
• Introduction to 2T-physics and derivation of 1T-physics holographs and twistors.
-Emergent spacetimes & dynamics, holography, duality.
-Sp(2,R) gauge symmetry, constraints, solutions and (d,2).
-Global symmetry, quantization and the SO(d,2) singleton.
-Twistors for particle dynamics in d dimensions, particles with mass, relativistic, non-relativistic, in curved spaces, with interactions.
• Supersymmetric 2T-physics, gauge symmetries & twistor gauge.
-Coupling X, P, g, gauge symmetries, global symmetries.
-Covariant quantization, constrained generators & representations of G super .
-Twistor gauge: supertwistors dual to super phase space. Examples in d=4,6,10,11.
• Supertwistors and some field theory spectra in d=4,6.
-Super Yang-Mills d=4, N=4; Supergravity d=4, N=8.
-Self-dual tensor supermultiplet and conformal theory in d=6.
• Twistor superstrings -d + 2 view of twistor superstring in d = 4.
-Worldsheet anomalies and quantization of twistor superstring.
-Open problems.
Twistors in d=4 flat dimensions
A massless spinless relativistic particle in 4 space-time dimensions is described by the action S (x, p) = dτ ∂ τ x µ p µ − 1 2 ep µ p ν η µν .
It has a gauge symmetry under the transformations δ ε e = ∂ τ ε (τ ) , δ ε x µ = ε (τ ) p µ , δ ε p µ = 0. The generator of the gauge symmetry is p 2 /2,and it vanishes as a consequence of the equation of motion for the gauge field δS/δe = p 2 /2 = 0.This equation of motion is interpreted as demanding that the solution space must be gauge invariant (since the generator must vanish).
In the covariant quantization of this system one defines the physical states as those that satisfy the constraint p 2 |φ = 0, so that they are gauge invariant. A complete set of physical states is found in momentum space |k on which the gauge generator is simultaneously diagonal with the momentum operator p µ |k = |k k µ , and p 2 |k = |k k 2 = 0. The probability amplitude of a physical state in position space x|φ = φ (x) satisfies the condition x|p 2 |φ = 0 which gives the Klein-Gordon equation ∂ 2 φ (x) = 0. The general solution is a superposition of plane waves, which are the probability amplitudes of physical states with definite momentum General solution:
Plane wave with definite momentum k µ : φ k (x) = x|k ∼ e ik·x , k 2 = 0.
A similar treatment for spinning particles leads to the spinning free field equations, such as the Dirac equation, Maxwell equation, linearized Einstein equation, etc.
Twistors
The following shows several ways of solving the constraint p 2 = 0 or k 2 = 0 that enter in these equations p 2 = 0 :
2 × 2 Hermitian, rank 1, up to phase λ → e iφ λ
In the second form, the matrix p αβ is constructed from two complex numbers λ 1 , λ 2 that form a doublet of SL(2, C) =SO(3, 1)
This has automatically zero determinant det (p) = (λ 1 λ * 1 ) (λ 2 λ * 2 ) − (λ 1 λ * 2 ) (λ 2 λ * 1 ) = 0 = p 0 + p
, which imposes the desired solution p µ p µ = 0 automatically. Note that the overall phase e iφ of λ α drops out, so the matrix p αβ really has only 3 real parameters, as it should.
Twistors 3
The reader is reminded of a bit of group theory for SL(2, C) =SO (3, 1) spinors: λ α 
Penrose [2] [3] suggested a second spinor µα and introduced the "incidence relation" which defines x as being roughly the "slope" of a "line" in spinor space µα = −ixα β λ β , a "line" in spinor space.
Finally a twistor is defined as Z A = µα λα , A = 1, 2, 3, 4, that bundles together µ and λ as a quartet. If µ satisfies the Penrose relation, then the pair µ, λ is equivalent to the the phase space of the massless particle
Although not manifest, the massless particle action above has a hidden conformal symmetry SO (4, 2) . This symmetry can be made manifest through the twistor since SO(4, 2) = SU(2, 2) and the quartet Z A can be classified as the fundamental representation 4 of SU (2, 2) . This non-compact group has a metric which can be taken as C = 0 1 1 0 = σ 1 × 1. Using the metric we define the other fundamental representation 4 of SU(2, 2) and relate it to the complex conjugate of Z A as follows
SoZ A Z A is invariant under SU(2, 2) . We remind the reader that the 4 and4 of SU(2, 2) correspond to the two Weyl spinors of SO (4, 2) . Now, with µ as given above, we haveZ A Z A = λ †α µα + µ †α λ α = −iλ †x λ + iλ †x λ = 0.
So, by construction the Z A are 4 constrained complex numbers. But we can reverse this reasoning, and realize that the definition of twistors is just the statement that Z A is a quartet that has an overall irrelevant phase and that is constrained byZ A Z A = 0. Then the form of µ in terms of λ can be understood as one of the possible ways of parameterizing a solution. The solution µα = −ixα β λ β is interpreted as the massless particle. This is the conventional interpretation of twistors.
However, recently it has been realized that there are many other ways of parameterizing solutions for the same Z A in terms of phase spaces that have many other different interpretations [8] . For any solution, if we count the number of independent real degrees of freedom, we find Independent: (8 real Z) − 1 real constraint 1 real phase = 6 real = same as 3 x+3 p
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This is the right number not only for the massless particle, but also the massive particle, relativistic or non-relativistic, in flat space or curved space, interacting or noninteracting. Next, we compute the canonical structure for the pair Z A ,Z A , and we find that it is equivalent to the canonical structure in phase space for the massless particle, iff we use the solution µα = −ixα β λ β
So the canonical pairs Z A , iZ A or λ α , iµ †α or (x µ , p µ ) are equivalent as long as they satisfy the respective constraintsZ A Z A = 0 and p 2 = 0. If we use some of the other solutions given in [8] then the correct canonical structure emerges for the massive particle, etc., all from the same twistor (see below).
Just like the constraint p 2 = 0 followed from an action principle in Eq.(1), the constraintsZ A Z A = 0 can also be obtained from the following action principle by minimizing with respect to V S (Z) = dτ Z A iD τ Z A − 2hV = dτ Z A i∂ τ Z A + VZ A Z A − 2hV . For spinning particles, an extra term −2hV is included in the action (missing in former literature). This term is gauge invariant by itself under the U(1) gauge transformation of V. We have been discussing the spinless particle h = 0, but twistors can be generalized to spinning particles by taking h = 0. The equation of motion with respect to V gives the constraintZ A Z A = 2h. If the twistor transform for massless particles, appropriately modified to include spin, is used to solve this constraint [2] [3] [4] , then h is interpreted as the helicity of the spinning massless particle. But if the more general transforms in [8] are used, then h is not helicity, but is an eigenvalue of Casimir operators of SU(2, 2) in a representation for spinning particles 2 . We have argued that the twistor action S (Z) is equivalent to the spinless massless particle action S (x, p) (at least in one of the possible ways of parameterizing its solutions). But note that S (Z) is manifestly invariant under the global symmetry SU (2, 2) . This is the hidden conformal symmetry SO(4, 2) of the massless particle action S (x, p). Applying Noether's theorem we derive the conserved current, which in turn is written in terms of x µ , p µ as follows
In the last line the traceless 4 × 4 matrix ixp px px −ipx is expanded in terms of the following complete set of SO(4, 2) gamma matrices Γ MN (M = ±, µ, see footnote (6))
This identifies the generators of the conformal group L MN as the coefficients
It can be checked that this form of L MN are the generators of the hidden SO(4, 2) conformal symmetry of the massless particle action. The SO(4, 2) transformations are given by the Poisson brackets
, and these L MN are the conserved charges given by Noether's theorem. Furthermore they obey the SO(4, 2) Lie algebra under the Poisson brackets. This result is not surprising once we have explained that S (Z) = S (x, p) via the twistor transform.
The same SU(2, 2) symmetry of the twistor action S (Z) has other interpretations as the hidden symmetry of an assortment of other particle actions when other forms of twistor transform is used, as explained in [8] . This recent broader result may seem surprising because it is commonly unfamiliar.
Physical states in twistor space
In covariant quantization a physical state for a particle of any helicity should satisfy the helicity constraint
. This is interpreted as meaning that the physical state |ψ is invariant under the U(1) gauge transformation generated by the constraint that followed from the twistor action S (Z). The probability amplitude in Z space is ψ (Z) ≡ Z|ψ , so we can writeZ
Z|ψ produces the physical state condition, 1 TWISTORS IN D=4 FLAT DIMENSIONS for a particle of helicity h. So a physical wavefunction in twistor space ψ (λ, µ) that describes a particle with helicity h must be homogeneous of degree
. This is the only requirement for a physical state ψ (Z) in twistor space, and it is easily satisfied by an infinite set of functions.
If we use the twistor transform for massless particles µ = −ixλ and p = λλ, then any homogeneous physical state in twistor space should be a superposition of massless particle wavefunctions since p 2 = 0 is automatically satisfied. A similar statement would hold for any of the other twistor transforms given in [8] , so a physical state in twistor space can also be expanded in terms of the wavefunctions 2 of the particle systems discussed in [8] [9] .
Let us now consider the expansion of a physical state |ψ in terms of momentum eigenstates p µ |k = k µ |k , for a massless particle with k 2 = 0. We parameterize k αβ = π απβ as in Eq. (4), where π α can be redefined up to a phase π → e iγ π without changing the physical state |k . In position space such a physical state gave the plane wave as in Eq.(3), which we can rewrite as φ k (x) = x|k ∼ exp (ik · x) = exp (iT rxππ) . The twistor space analog is φ k (λ, µ) = Z|k = λ, µ|π,π . Since |k is a complete set of states, it is possible to write a general physical state in twistor space as an infinite superposition of the Z|k with arbitrary coefficients, in the same way as the general solution of the Klein-Gordon equation in Eq.(2)
To determine Z|k = λ, µ|π,π , first note that the eigenstate of λ α is proportional to π α , so there must be an overall delta function λ, µ|π,π ∼ δ ( λπ ) . The argument of the delta function is the SL(2, C) invariant dot product defined by the symbol λπ ≡ λ α π β ε αβ . The vanishing of λπ = 0 requires λ α ∝ π α , hence in the wavefunction λ, µ|π,π we can replace λ α = λ π π α up to an overall constant c symbolized by c = λ π . This is the ratio of either component
π2 . So we can write Z|k = λ, µ|π,π = δ ( λπ ) f π,π, λ π , µ . Next examine the matrix elements of the twistor transform p αβ − λ αλβ = 0 and apply the operators on either the ket or the bra as follows (λβ acts as a derivative − ∂ ∂µβ on the eigenvalue of µβ)
The solution is f (π,π, λ, µ) = g π,π,
Note that the exponential is a rewriting of the plane wave exp (iT rxππ) by using π = π λ λ and then setting µ = −ixλ. Finally we determine g π,π, λ π for a particle with any helicity h. According to the previous paragraph, since Z|k is a physical wavefunction, it should be homogeneous of degree (−2h − 2) under a rescaling (µ, λ) → (tµ, tλ) . It should also be phase invariant under the phase transformations π → e iγ π,π → e −iγπ since the momentum state |k labeled by k αβ = π απβ is phase invariant. The exponential exp − π λπα µα is homogeneous as well as phase invariant, while the delta function satisfies δ tλe iγ π = t −1 e −iγ δ ( λπ ) . These considerations determine g π,π,
, with φ h e iγ π, e −iγπ = e −i2hγ φ h (π,π) . The specific φ h (π,π) for each helicity are determined as follows. φ h (π,π) must have SL(2, C) spinor indices for the representation (j 1 , j 2 ) ,since for a spinning particle the complete set of labels includes Lorentz indices |k, j 1 , j 2 , · · · in addition to momentum. The chirality of the SL(2, C) labels must be compatible with the spin j 1 + j 2 = |h|. So this determines the Lorentz indices on the wavefunction φ h (π,π) as well as the coefficients a (π,π) in Eq. (19) . Examples of the overall wavefunction Z|k is given in the table below
The field strength F µν = ∂ [µ A ν] can be written in terms of the gauge potential in momentum and spinor space for an arbitrary combination of both helicities as follows
which is consistent with the wavefunctions A ± (π,π) , F ± (π,π) given in the table above. Note that all wavefunctions are automatically transverse to k αβ = π απβ under the Lorentz invariant dot product using the metric in spinor space ε αβ ⊕ εαβ. In field theory computations that use twistor techniques [17] , the twistor space wavefunctions above are used for the corresponding physical external particles with definite momentum, up to overall normalizations.
2T-physics
As mentioned above, it has been discovered recently that there are many ways of solving the same constraints on the twistor Z A and derive other relations between µ, λ and phase space [8] . These other solutions describe not only the massless particle, but also massive particle, relativistic or non-relativistic, in flat space or curved space, interacting or non-interacting, as shown in the examples in Fig.1 . These new twistors were discovered by using two time physics (2T-physics) as a technique.
2T-physics was also used to obtain the generalization of twistors to higher dimensions, to supersymmetry, and to D-branes. In the rest of these lectures I will first give a brief outline of the main aspects of 2T-physics and then summarize these new results. 
Emergent spacetimes & dynamics, holography, duality.
2T-physics can be viewed as a unification approach for one-time physics (1T-physics) systems through higher dimensions. It is distinctly different than Kaluza-Klein theory because there are no Kaluza-Klein towers of states, but instead there is a family of 1T systems with duality type relationships among them. The 2T theory is in d + 2 dimensions, but has enough gauge symmetry to compensate for the extra 1 + 1 dimen-sions, so that the physical (gauge invariant) degrees of freedom are equivalent to those encountered in 1T-physics.
One of the strikingly surprising aspects of 2T-physics is that a given d + 2 dimensional 2T theory descends, through gauge fixing, down to a family of holographic 1T images in (d − 1) + 1 dimensions. Fig.1 below illustrates a family of holographic images that have been obtained from the simplest model of 2T-physics [6] . These include interacting as well as free systems in 1T-physics.
It must be emphasized that as a by product of the 2T-physics approach certain physical parameters, such as mass, parameters of spacetime metric, and some coupling constants appear as moduli in the holographic image while descending from d + 2 dimensional phase space to (d − 1) + 1 dimensions or to twistors.
Each image represented by the ovals around the center in Fig.1 fully captures the gauge invariant physical content of a unique parent 2T theory that sits at the center. But from the point of view of 1T-physics each image appears as a different 1T-dynamical system. The members of such a family naturally must obey duality-type relationships among them and share many common properties. In particular they share the same overall global symmetry in d + 2 dimensions that becomes hidden and non-linear when acting on the fewer (d − 1) + 1 dimensions in 1T-physics. Thus 2T-physics unifies many 1T systems into a family that corresponds to a given 2T-physics parent in d + 2 dimensions.
Sp(2,R) gauge symmetry, constraints, solutions and (d,2)
The essential ingredient in 2T-physics is the basic gauge symmetry Sp(2,R) acting on phase space X M , P M in d + 2 dimensions. The two timelike directions is not an input, but is one of the outputs of the Sp(2, R) gauge symmetry. A consequence of this gauge symmetry is that position and momentum become indistinguishable at any instant, so the symmetry is of fundamental significance. The transformation of X M , P M is generally a nonlinear map that can be explicitly given in the presence of background fields [18] , but in the absence of backgrounds the transformation reduces to a linear doublet action of Sp(2, R) on X M , P M for each M [5] . The physical phase space is the subspace that is gauge invariant under Sp(2, R) . Since Sp(2, R) has 3 generators, to reach the physical space we must choose 3 gauges and solve 3 constraints. So, the gauge invariant subspace of d + 2 dimensional phase space X M , P M is a phase space with six fewer degrees of freedom in
In some cases it is more convenient not to fully use the three Sp(2, R) gauge symmetry parameters and work with an intermediate space in
, that includes time. This space can be further reduced to d − 1 space dimensions x i , p i by a remaining one-parameter gauge symmetry. There are many possible ways to embed the (d − 1) + 1 or (d − 1) phase space in d + 2 phase space, and this is done by making Sp(2,R) gauge choices. In the resulting gauge fixed 1T system, time, Hamiltonian, and in general curved spacetime, are emergent concepts. The Hamiltonian, and therefore the dynamics as tracked by the emergent time, may look quite different in one gauge versus another gauge in terms of the remaining gauge fixed degrees of freedom. In this way, a unique 2T-physics action gives rise to many 1T-physics systems.
A particle interacting with various backgrounds in (d − 1) + 1 dimensions (e.g. electromagnetism, gravity, high spin fields, any potential, etc.), usually described in a worldline formalism in 1T-physics, can be equivalently described in 2T-physics.
The general 2T theory for a particle moving in any background field has been constructed [18] . For a spinless particle it takes the form
where the symmetric A ij (τ ) , i, j = 1, 2, is the Sp(2, R) gauge field, and the three Sp(2, R) generators Q ij (X (τ ) , P (τ )) , which generally depend on background fields that are functions of (X (τ ) , P (τ )), are required to form an Sp(2, R) algebra. The background fields must satisfy certain conditions to comply with the Sp(2, R) requirement. An infinite number of solutions to the requirement can be constructed [18] . So any 1T particle worldline theory, with any backgrounds, can be obtained as a gauge fixed version of some 2T particle worldline theory.
The 1T systems which appear in the diagram above are obtained by considering the simplest version of 2T-physics without any background fields. The 2T action for a "free" 2T particle is [5] 
, is a doublet under Sp(2, R) for every M, the struc-
is the Sp(2,R) gauge covariant derivative, Sp(2,R) indices are raised and lowered with the antisymmetric Sp(2, R) metric ε ij , and in the last expression an irrelevant total derivative − (1/2) ∂ τ (X · P ) is dropped from the action. This action describes a particle that obeys the Sp(2, R) gauge symmetry, so its momentum and position are locally indistinguishable due to the gauge symmetry. The X M , P M satisfy the Sp(2, R) constraints
that follow from the equations of motion for A ij . The vanishing of the gauge symmetry generators Q ij = 0 implies that the physical phase space is the subspace that is Sp(2, R) gauge invariant. These constraints have non-trivial solutions only if the metric η MN has two timelike dimensions. So when position and momentum are locally indistinguishable, to have a non-trivial system, two timelike dimensions are necessary as a consequence of the Sp(2, R) gauge symmetry.
Thus the
metric η MN is given by
= −2dX
where the notation X ⊥ indicates SO(d − 2) vectors.
SO(d,2) global symmetry, quantization and the singleton
The target phase space X M , P M is flat in d + 2 dimension, and hence the system in Eq. (26) has an SO(d, 2) global symmetry. The conserved generators of SO(d, 2)
commute with the SO(d, 2) invariant Sp(2, R) generators X · X, P · P , X · P . It will be useful to consider the matrix is proportional to the identity
, and imposing the classical constraints X 2 = P 2 = (X · P ) = 0, one finds that L 2 = 0 in the space of gauge invariants of the classical theory. By taking higher powers of L, we find L n = 0 for all positive integers n ≥ 2. This is a very special non-trivial representation of the noncompact group SO(d, 2) L , and all classical gauge invariants, which are functions of L MN , can be classified as irreducible multiplets of SO(d, 2) L .
We now consider the SO(d,2) covariant quantization of the theory. In the quantum theory the L MN form the Lie algebra of SO(d, 2) , therefore if the square of the matrix L is computed at the quantum level, by taking into account the orders of the operators L MN , one finds
In this computation we used the properties of gamma matrices MN L MN does not vanish at the quantum level. As shown in [5] , in the Sp(2, R) gauge invariant physical sector of phase space one finds that it has the fixed value
rather than zero. Hence, in the physical sector of the quantum theory the matrix L B A satisfies the following algebra
We compute the higher powers L n on physical states by repeatedly using this relation, and find a similar form with constant coefficients that are determined only by α, β
We can then compute the Casimir eigenvalues
Evidently the C n will end up having fixed values determined by the dimension d of SO(d, 2) R . In particular,
Therefore, at the quantum level we have identified a special unitary representation that classifies all physical states of the theory. This is the singleton representation of SO(d, 2) for any d. Our approach shows that the singleton is more fully characterized by the constraints satisfied by the charges in Eq.(34).
Twistors for other particle dynamics
We now introduce the general twistor transform that applies not only to massless particles, but to other particle systems shown in Fig.1 in any dimension d. The basic idea [7] follows from the formalism in the following section that includes supersymmetry. Here we give the result for spinless particles and without supersymmetry in d dimensions [9] and comment on its properties. The general twistor transform is [9] 
Here Z 
We regard this constraint as the generator of a gauge symmetry that acts on the a index, and introduce a gauge field V b a associated with this constraint. The A index on Z a A is the basis for the SO(d, 2) spinor. This is the global symmetry whose generators L MN can be constructed from either the twistorsZ, Z or from phase space X M , P M . Indeed the twistor transform above is constructed to satisfy the relation [9] 
The trace term automatically vanishes if Z is constructed to satisfy Z Z b a = 0 as above.
By inserting the twistor transform into the following twistor action (in which Z A b Z a A already vanishes) we derive the phase space action that determines the canonical structure for the phase space
The last line follows thanks to the constraints X 2 = P 2 = X · P = 0 that are satisfied in the Sp(2, R) invariant physical sector. This shows the consistency of our twistor transform of Eq.(37) for spinless particles in all dimensions. Hence the 2T-physics system in d + 2 dimensions is reproduced by the twistor Z a A with the given properties. Now we can choose explicitly the Sp(2, R) gauges that reduce the 2T-physics system to the the various holographic pictures given in Fig.1 . By inserting the gauge fixed forms of X M , P M we will obtain the twistor transforms for all the holographic pictures.
The SO(d − 1, 1) covariant massless particle emerges if we choose the two gauges, X + ′ (τ ) = 1 and P + ′ (τ ) = 0, and solve the two constraints X 2 = X ·P = 0 to obtain
The remaining constraint, P 2 = −2P
, which is the third Sp(2, R) generator, remains to be imposed on the physical sector. In this gauge the 2T action reduces to the relativistic massless particle action in Eq.(1) 4,6) for the massless spinless particle. Note that for d ≥ 4 the rectangular twistor Z a A has several columns, which is a structure that is absent in the Penrose transform in d = 4. The columns of the higher dimensional twistor satisfy many relations among themselves since they only depend only on the vectors X M , P M . The parent theory can be gauge fixed in many ways that produce not only the massless particle, but also an assortment of other particle dynamical systems [5] [6] [8] . To emphasize this point we give also the massive relativistic particle gauge by fixing two gauges and solving the constraints X 2 = X · P = 0 explicitly as follows
In this gauge the 2T action reduces to the relativistic massive particle action
(52) The twistor for the massive particle follows from Eqs.(50,51,37) as shown in [8] 
A little recognized fact is that this action is invariant under SO(d, 2). This SO(d, 2) does not have the form of conformal transformations of Eq.(49), but is a deformed version of it, including the mass parameter. Its generators are obtained by inserting the massive particle gauge into the gauge invariant
It can be checked explicitly that the massive particle action above is invariant under the SO(d, 2) transformations generated by the Poisson brackets
by a scale and an irrelevant total derivative. Since both the massive and massless particles give bases for the same representation of SO(d, 2), we must expect a duality transformation between them. Of course this transformation must be an Sp(2, R) =SL(2, R) local gauge transformation 
Applying the inverse of this transformation on the doublets labeled by M = µ gives the massless particle phase space (re-labeled by (x µ ,p µ ) below) in terms of the massive particle phase space (labeled by (
This duality transformation is a canonical transformation {x µ ,p ν } = η µν = {x µ , p ν } . Also note that the time coordinatex 0 is different than the time coordinate x 0 , and so are the corresponding Hamiltonians for the massless particlep 0 = p ipi versus the
The same reasoning applies among all gauge choices of the 2T theory in Eq. (26) . All resulting 1T dynamical systems are holographic images of the same parent theory. Some of the images are illustrated in the diagram above. In the quantum theory we have already shown by covariant quantization that the global symmetry SO(d, 2) of the 2T-physics action is realized in the singleton representation. All the emergent lower dimensional theories obtained by different forms of gauge fixing, either in the form of twistors, or in the form of phase space, must also be realized in the same singleton representation 4 .
Supersymmetric 2T-physics and twistor gauge
The 2T-physics action (26) and the twistor action (11) are related to one another and can both be obtained as gauge choices from the same theory in the 2T-physics formalism. This formalism was introduced in [7] and developed further in the context of the twistor superstring [14] [15] and to derive the general twistor transform [8] [9].
3.1 Coupling X, P, g, gauge symmetries, global symmetries.
In addition to the phase space SO(d, 2) vectors X M , P M (τ ) , we introduce a group element g (τ ) . The group G is chosen so that it contains SO(d, 2) as a subgroup in the spinor representation. The simplest case is G =SO(d, 2) , and in that case
where Γ MN are the gamma matrices 5 for SO(d, 2) . Table 1 shows the smallest possible bosonic groups G that contain SO(d, 2) in the spinor representation for various
The table lists all the generators of G as represented by antisymmetrized products of gamma matrices The total number of gamma matrices listed is equal to the number of generators in G. Taken together these form the Lie algebra of G under matrix commutation. The following column gives information on whether the gamma matrices occur in the symmetric or antisymmetric products of the spinors of SO(d, 2), when both spinor indices A, B are lowered or raised in the form Γ M1···Mn AB by using the metric C in spinor space.
But at the quantum level, due to ordering of factors that are needed for the correct closure of the algebra, the Casimir eigenvalues are non-zero and agree with Eq.(??), the singleton representation. The ordering of the quantum factors has been explicitly performed in the majority of the holographic images given in Fig.1 [5] [6] . 5 The trace in spinor space gives the dimension of the spinor T r (1) = s d and Γ M N , where the gamma matrices satisfy The subset of gamma matrices Γ MN represent the SO(d, 2) subgroup in G. The gamma matrices Γ M1···Mn with n = 2 lead to degrees of freedom in the model that correspond to D-branes as explained in [9] . Only the cases of d = 3, 4, 5, 6 can be constructed purely with particle degrees of freedom without any D-branes. Groups that are larger than the listed G may also be considered in our scheme in every dimension (e.g. SU(8) instead of SO (8) d, 2) or G is discussed in detail in [8] [9] .
For N = 0, the supergroup listed is the smallest supergroup that contains SO(d, 2) in the spinor representation. For physical purposes the total number of real fermionic generators in G super cannot exceed 64 (32 ordinary supercharges and 32 conformal supercharges). For example, for d = 4 we can go as far as N = 8, since G super =SU(2, 2|8) has 64 real fermionic parameters. Similarly for d = 11, we cannot have more than N = 1, hence OSp(1|64). For a given N, theṄ -dependent bosonic subgroup is then the R-symmetry group that acts on the supercharges. Thus, for d = 4 and N = 4, the R-symmetry subgroup of PSU(2, 2|4) is SU(4) .
The supergroup element g (τ ) can be written by exponentiating the Lie superalgebra in the form for d≤6 the spacetime part of g has only SO(d,2) degrees of freedom
where · · · stands for the contributions of the Γ M1···Mn in Table 1 , while the R a are the generators of the R-symmetry group. The generalized 2T superparticle action
It has been established [7] that for d = 3, 4, 5, 6 and any N, this action descends to the usual superparticle action in d = 3, 4, 5, 6 dimensions by using the massless particle gauge in Eq.(46,47)
So, in this gauge, the supergroups G super given in the table above, namely OSp(
, are interpreted as the hidden superconformal symmetries of the superparticle action [7] . The fermions θ are half of the fermions Θ that appear in g. This action has a remaining kappa supersymmetry and can remove half of the θ, so only 1/4 of the original fermions Θ are physical.
In d ≥ 7 the action S 2T (X, P, g) has D-brane degrees of freedom in addition to the particle (D0) degrees of freedom [9] . In particular in d = 11 the brane degrees of freedom are the D2-brane and D5-brane of M-theory [28] .
This action has several local and global symmetries given by [7] local:
The global symmetry G super is evident when g (τ ) is transformed from the left side as
with a g L ∈ G super that is τ independent. Then the Cartan connection g −1 ∂ τ g remains invariant. Noether's theorem gives the conserved G super charges in the form global:
The local symmetries that act on the right side of g have the matrix form in Eq.(64) which is different than the matrix form in Eq.(65) for the global symmetries that act on the left side of g. Before giving details in the next paragraph, we mention that , by ω MN in g but cannot remove the additional parameters in G associated with the other generators Γ M1···Mn listed in Table 1 . The local R-symmetry can remove from g all of the subgroup parameters ω a . Thus for d = 3, 4, 5, 6 cases listed in Table 1 , all the bosons in g can be eliminated and 3/4 of the fermions can be eliminated, if we wish to choose such a gauge. For d ≥ 7 some of the bosonic degrees of freedom in g cannot be eliminated, those are related to D-branes.
As in the purely bosonic theory, the local Sp(2, R)× . The local symmetry Sp(2, R) is straightforward since the first two terms of the action S 2T (X, P, g) are the same as Eq. (26) . These terms are invariant under Sp(2, R) which acts on X M i = X M , P M as a doublet for every M, and on A ij as the gauge field. Furthermore, by taking g (τ ) as a Sp(2, R) singlet while noting that
gauge invariant, we see that the full action is gauge invariant under Sp(2, R) . To see the local symmetry under SO(d, 2) × (R-symm) it is convenient to rewrite the action in the form 
where the second term takes the
The important thing is that Str iδ κ g −1 ∂ τ g L is proportional to X i · X j , and therefore it can be canceled by choosing δ κ A ij in front of the same coefficient X i · X j , so that δ κ S 2T = 0.
The action S 2T (X, P, g) can be generalized by increasing the number of dimensions, but keeping the same g ∈ G super . We will denote the new action as S 2T X ,P , g . To describe its content, first we recall that the group element g ∈ G super was chosen by considering the number of dimensions d and a group G ⊃SO(d, 2) as listed in Table 1 
where α =
is the ratio of the dimensions of the spinor representations for
′ + 2 dimensions, and write the same form of action as Eq. (61) in the extended dimensions S X ,P , g , but use the new form ofL given above. The coupling A ijX i ·X j leads to the Sp(2, R) constraints that includes all dimensions at an equal footing. In the coupling Str ig −1 ∂ τ gL the first d + 2 dimensions couple to the SO(d, 2) in G and the last d ′ dimensions couple to SO(d ′ ) in the R-symmetry group. This extended action has the following local and global symmetries
Note that the global symmetry is the same as before the extension since the Cartan connection g −1 ∂ τ g is still invariant, but the local symmetry is less as seen by comparing to Eq.(64). In particular now we have 1 2 κappa so more fermions in g are physical. Also there may be more bosons if SO(d ′ ) is smaller than the R-symmetry in G super as labeled by N in Table 1 . So, the extended model is expected to have a different physical set of states. In this scheme we obtain interesting cases, depending on the gauge choices, such as superparticles with compactified d SU(2, 2|4) , and then specializing to a particular gauge. It was shown in [24] that this approach gives a particle spectrum that is identical to the Kaluza-Klein towers of d = 10 supergravity compactified on AdS 5 ×S 5 . This was discussed by choosing the spacetime gauge as shown in the first branch of Fig.2 . The same theory can be brought to the form of a sigma model for the coset SU(2, 2|4) /SO(4,1)×SO(5) [30] , as shown in the third branch of Fig.2 , or can be put to the form of a twistor theory as shown in the second branch of Fig.2 .
Similarly the superparticle on AdS 4 ×S
) with a total of 11 dimensions, and no D-branes, emerges by taking the supergroup OSp(8|4) [14] [15] . More details will be given in a separate publication.
Covariant quantization & representations of G super
As seen from the form of J in Eq. The details of the quantum discussion will be given in a separate paper, but suffice it to mention that we obtain the following general form of algebraic constraints among the generators of
where the coefficients α, β depend on G super . This equation is to be compared to the simpler case of SO(d, 2) in Eq.(34). By taking a super trace we learn that β gives the quadratic Casimir operator. The absence of any quadratic term in J on the right hand side of Eq.(69) not proportional to 1 is very nontrivial. This does not happen for generic representations of G super . But for the representations generated by the from J = gLg −1 it is expected since J 2 vanished at the classical level. So the algebraic constraints above must determine the representation of G super . Indeed, by using Eq.(69) repeatedly we obtain
where all coefficients α n , β n and the Casimir eigenvalues C n are determined in terms of α, β as follows
These properties of the Casimir eigenvalues completely determine the representation of G super . This is the representation that classifies the physical states of the theory S 2T (X, P, g) , or the extended one S 2T X ,P , g , under the global symmetry G super .
No matter which gauge we choose to describe the physical content of the theory we cannot change the group theoretical content of the physical states. In the particle gauge, in position space these physical states correspond to an on-shell free field in a field theory. Some cases of interest are listed in the table below. These were obtained by covariant quantization of the 2T particles or superparticles in various dimensions without choosing a gauge. Details of the computation will appear elsewhere If we choose other gauges than the particle gauge, we find other holographic images of the same 2T-theory. The other images are dual to the particle or the field theory image included in the table above. The various gauges will yield the same representation of G super since the Casimir eigenvalues are gauge invariant and cannot change. The quantum states in various images can differ from one image to another only by the set of operators that are simultaneously diagonal on the physical state (usually including the Hamiltonian for that image) beyond the Casimir operators. Since a gauge transformation is a duality transformation from one image to another, this duality transformation is a unitary transformation within the unitary representation of G super fixed above by α, β.
Twistor gauge: supertwistors dual to super phase space
There are different ways of choosing gauges to express the theory given by S 2T (X, P, g) , or the extended one S 2T (X,P , g), in terms of the physical sector. One extreme in gauge space is to eliminate all of the SO(d,2)×R-symm subgroup of g completely, while another extreme is to eliminate (X, P ) completely. When most of g is eliminated we obtain the phase space description, and when (X, P ) is eliminated we obtain the twistor description.
To obtain the twistor description for the action S 2T (X, P, g) we eliminate X M , P M completely and keep only g as discussed in [7] . This is done by using the Sp(2, R) and the SO(d, 2) local symmetries to completely fix X M , P M to the convenient form X + ′ = 1 and P + = 1, while all other components vanish
These X M , P M already satisfy the constraints X 2 = P 2 = X · P = 0. In this gauge the only non-vanishing component of L MN is L
Hence the physical content of the theory is now described only in terms of g and the fixed matrix Γ embedded in the Lie algebra of SO(d, 2) . The matrix Γ has very few non-zero entries as seen by choosing a convenient form of gamma matrices 6 for SO(d, 2). Then, up to similarity transformations, Γ can be brought to the form 
The identity matrix 1, and the small 0's in the last expression are
4 square block matrices embedded in the s d × s d spinor representation of SO(d, 2) . Then the gauge 6 An explicit form of SO(d, 2) gamma matrices that we find convenient in even dimensions, is given by
where γ i are the SO(d − 1) gamma matrices. TheΓ M are the same as the Γ M for M = ± ′ , i, but for M = 0 we haveΓ 0 = −Γ 0 = 1 × 1. From these we construct the traceless Γ + (1 × c) . 7 The gamma matrices Γ M of footnote (6) can be redefined differently for the left or right sides of g up to similarity transformations. Thus, for the right side of g we apply a similarity transformation so that 
The Z a A ,Z B a , as constructed from the group element g, are supertwistors that already obey constraints as we explain below, so
A is the full supertwistor action. Due to the form of Γ it is useful to think of g as written in the form of Since 
A constraint such as this one must be viewed as the generator of a gauge symmetry that operates on the a index (the columns) of the supertwistor Z a A . For the purely bosonic version of this process see [9] where twistors in any dimension are obtained.
In d = 4, 6 the supertwistors that emerge from this approach coincide with supertwistors previously known in the literature if we work in the massless particle gauge [7] [14] [15] . However, if we work in one of the other gauge choices that lead to the holographic images depicted in Figs.1,2 , then we obtain new results for the twistor description for those cases. Some applications of the d = 4, 6 twistors will be given in the next section.
Similarly, to obtain the twistor description for the extended action S 2T X ,P , g we eliminate XM ,PM completely and keep only g as discussed in [14] 
These solve also the Sp(2,R) constraints. In this gauge the extended matrixL simplifies
(80) In this gauge the action and the G super symmetry current are expressed only in terms of the group element
Due to the form ofΓ there are gauge symmetries HΓ that correspond to all generators of G super that commute withΓ. The gauge symmetries remove degrees of freedom so that the physical degrees of freedom that remain in g corresponds to the coset G super / HΓ. As shown in [14] [15] in the case of G super =PSU(2|2) the coset is
as seen forΓ =diag(1, 1, 1, 1, −1, −1, −1, −1) after a rearrangement of rows and columns. These coset degrees of freedom are equivalent to the superparticle moving on AdS 5 ×S 5 space. Furthermore, by an appropriate parametrization of g, including the gauge degrees of freedom, this action can be written in twistor form. The twistors in this case is a gauged super grassmanian Z (83) The P SU (2|2) × U (1)] local gauge invariant physical space described by this twistor is the full Kaluza-Klein spectrum of of type-IIB d=10 supergravity compactified on AdS 5 ×S 5 , which is classified by P SU (2, 2|4) global representations labeled by the eigenvalues of the operator l = 0, 1, 2, · · · . This result was already obtained in [24] in a different gauge of the same 2T-physics action S 2T X ,P , g .
In a similar way, when G super =OSp(8|4) , the coset is OSp(8|4) Osp(4|2)×Osp(4|2)×U(1)×U (1) for Γ =diag (1, 1, 1, 1, −1, −1, −1, −1, −2, −2, 2, 2) . The twistor equivalent version is a gauged super Grassmanian Z a A described as follows
The physical space for this twistor corresponds to 11-dimensional supergravity compactified on AdS 7 ×S 4 or AdS 4 ×S 7 . We have used 2T-physics as a tool to obtain supertwistors that describe various systems in higher dimensions. Some of the properties of these more exotic twistors have been outlined in [14] [15] , and more will be discussed elsewhere.
4 Supertwistors and some field theory spectra in d=4,6
Supertwistors for d=4, N=4 Super Yang-Mills
Consider the twistor obtained from the 2T-physics approach using S 2T (X, P, g) in d = 4 and G super =PSU(2, 2|4) as given in Table 1 . The same theory in a different gauge gives the d = 4 superparticle with N = 4 supersymmetries, as described in Eq.(63). The quantum spectra of both descriptions, corresponding to the physical states, must coincide. Let's see how this is obtained explicitly.
To begin the superparticle in Eq.(63) has 4x,4p and 16θ real degrees of freedom in super phase space. In the lightcone gauge we remove 1x and 1p, due to τ reparametrization and the corresponding p 2 = 0 constraint. We also remove 8 fermionic degrees of freedom due to kappa supersymmetry. We are left over with 3x, 3p, 8θ physical degrees of freedom. With these we construct the physical quantum states as an arbitrary linear combination of the basis states in momentum space | p, α , where α is the basis for the Clifford algebra satisfied by the 8θ. This basis has 8 bosonic states and 8 fermionic states labeled by α. Viewed as probability amplitudes in position space x, α|ψ these are equivalent to fields ψ (x) 8B +8F which correspond to the independent solutions of all the constraints. One finds that these are the same as the 8 bose and 8 fermi fields of the Super Yang-Mills (SYM) theory which are the solutions of the linearized equations of motion in the lightcone gauge. They consist of two helicities of the gauge field A ±1 (x) , two helicities for the gauginos ψ (4) , and six scalars φ
[ab] (x) in the 6 of SU(4) . Now we count the physical degrees of freedom for the twistors. As seen from Eq.(75), for d = 4 we have one complex twistor Z A in the fundamental representation of PSU(2, 2|4) , with a Lagrangian and a conserved current given by
This is recognized as the particle version of the d = 4, N = 4, twistor superstring [10] - [15] . To start Z A has 4 complex bosons and 4 complex fermions, i.e. 8 B + 8 F real degrees of freedom. However, there is one constraintZ A Z A = 0 and a corresponding U(1) gauge symmetry, which remove 2 bosonic degrees of freedom. The result is 6 B +8 F physical degrees of freedom which is equivalent to CP 3|4 , and the same number as 3x, 3p, 8θ for the superparticle, as expected.
To construct the spectrum in twistor space we could resort to well known twistor techniques by working with fields φ (Z) that are holomorphic in Z A on whichZ A acts as a derivativeZ A φ (Z) = −∂φ (Z) /∂Z A , as dictated by the canonical structure that follows from the Lagrangian (86). Imposing the constraint amounts to requiring φ (Z) to be homogeneous of degree 0, namely
Quantum ordering does not change the homogeneity degree because there are an equal number of bosons and fermions in the case of N = 4. We write Z A = zi ξa with z i = (µ, λ) the 4 of SU(2, 2) ⊂PSU(2, 2|4) and ξ a the 4 of SU(4) ⊂PSU(2, 2|4) . Then the superfield φ (Z) can be expanded in powers of the fermions ξ a
= 0 becomes a homogeneity condition for the coefficients φ a1···an (z)
Comparing to Eq. (18) we see that the helicity of the wavefunction φ a1···an (z) is h n = n 2 − 1. So we will label the wavefunction by its helicity as well as its SU(4) labels, by including a subscript n 2 − 1 that corresponds to the helicity. More explicitly, the wavefunction φ (Z) takes the form
where we gave suggestive names to the coefficients φ a1···an (z)
These are precisely the helicity fields, including SU(4) representation content, that correspond to the vector supermultiplet in N = 4, d = 4 SYM theory. They each are homogeneous of degree −2h − 2 where h corresponds to the helicity indicated by the the subscript. For example, A −1 (z) is homogeneous of degree 0, while A +1 (z) is homogeneous of degree −4, etc. Thus the φ (Z) is the degree zero wavefunction φ (Z) described in [13] . The entire wavefunction can be expanded in terms of momentum eigenstates as in Eq.(19) using the results for z|k listed in Eq. (22) . Recall that in [13] there are also twistor wavefunctions f (Z) , g (Z) that describe the spectrum of conformal gravity; those can arise also in our twistor formalism, but for a different superparticle model that gives a different degree c = 0 in the PSU(2, 2|4) supertwistor homogeneity equation
Since only the value of c = 0 is permitted in the N = 4, d = 4 superparticle model, only SYM states φ (Z) are present. Of course, this is no surprise in the 2T setting. We have simply compared two gauges, and we must agree.
Oscillators, supertwistors, and unitarity of d=4,N=4 spectrum
It is also worth analyzing the quantum system in terms of oscillators related to twistors and understand the unitarity of the physical space. We emphasize thatZ A is obtained from Z A by Hermitian conjugation and multiplying by the PSU(2, 2|4) metric as given following Eq.(76). To see the oscillator formalism clearly we work in a basis of SU(2, 2|4) in which the group metric is diagonal of the form diag (1 2 , −1 2 , 1 4 ) . The block diag (1 2 , −1 2 ) = σ 3 × 1 part is the SU(2, 2) metric in the SU(2) ×SU(2) basis, to be contrasted with the SL(2, C) basis in which the metric C = σ 1 × 1 is offdiagonal as in footnote (6) . The two bases are simply related by a linear transformation that diagonalizes the SU(2, 2) metric C = σ 1 × 1 → σ 3 × 1. In this diagonal basis we work with compact SU(2) ×SU(2) oscillators z =
which are combinations of the SL(2, C) doublet twistor components µα λα , λα , µ α we discussed before. A bar over the symbol means Hermitian conjugation. In terms of these, the twistor Lagrangian and the current J take the form
It is significant to note that, after taking care of the metric inZ as above, the usual canonical rules applied to this Lagrangian identifies the oscillators as being all positive norm oscillators a i ,ā j = δ 
This setup is precisely the Bars-Gunaydin oscillator formalism for unitary representations of noncompact groups [31] for a single "color", supplemented with the constraint ∆ = 2 as discussed in [24] . All Fock space states that satisfy ∆ = 2 are easily classified under the compact subgroup SU(2) ×SU (2) ×SU (4) 
The notation in the last line is (j 1 , j 2 , dim (SU (4))) , where (j 1 , j 2 ) is for SU(2) ×SU(2) while dim (SU (4)) is the dimension of the SU(4) representation. In arriving at the SU(2) ×SU(2) ×SU(4) representation labels in the third line, we took into account thatā iāj is symmetric whileξ rξs is antisymmetric, etc. All other states with ∆ = 2 are descendants of these, and are obtained by applying arbitrary powers of the double creation generatorā jbI in SU(2, 2) . All states have positive norm by virtue of the positive norm oscillators we identified above. So, the towers of states generated on each lowest state is an irreducible infinite dimensional unitary representation of SU (2, 2) . The full collection of states is a single irreducible representation of PS(2, 2|4) called the doubleton representation of PSU(2, 2|4) (sometimes it is also called the singleton, so the name is not so important).
We have shown that the list above is equivalent to a classification under SU(2, 2) × SU(4) , so the lowest states should be sufficient to identify the SYM fields, and the descendants should be analogous to applying multiple derivatives on a field sinceā jbI is a vector (1/2,1/2) under SU(2) ×SU(2) . Indeed, we can imagine now an analytic continuation back to the SL(2, C) basis instead of the SU(2) ×SU(2) basis and reinterpret the (j 1 , j 2 ) as the SL(2, C) labels for the field. In this analytic continuation the spin subgroup SO(3) is a common subgroup in both SL(2, C) =SO(3, 1) and SU(2) ×SU(2) =SO(4) , therefore the spin of the state is spin = j 1 + j 2 . The helicity and chirality in SL(2, C) are related, so by using the spin and chirality we can identify the helicity. Using this, in Eq.(97) we have identified the SYM fields with their helicities h above each of the oscillator combination. Although we have indicated the gauge field as A ±1 , as if it is only two states, the full SU(2) ×SU(2) or SL(2, C) set of oscillator states (1,0) and (0,1) really correspond to all the 6 components of the gauge invariant field strength F µν in SL(2, C) notation. These comments are consistent with the helicities of the A µ versus F µν listed in Eq. (22) . Similar comments apply to all the other spin (j 1 , j 2 ) multiplets.
Although we gave a list of lowest states above as a supermultiplet, there really is only one lowest oscillator state for the entire unitary representation of PSU(2, 2|4). That one is simplyξ rξs |0 , which satisfies ∆ = 2 and is annihilated not only by a i b J but also by the supersymmetry generators ξ r b J , a iξ s that are part of J. This is the lowest state from which all other states with ∆ = 2 listed can be obtained as descendants by applying all powers of J Table 2 .
The linear J follows from the commutation rules among the generators, the coefficient −2 is related to the commutation rules among the J's but also to the overall normalization of J (taken differently in [24] [14]), while the coefficient 0 is the PSU(2, 2|4) quadratic Casimir eigenvalue C 2 = 0. We see that the renormalized operator (−J/2) acts as a projection operator on physical states. This equation should be viewed as a set of constraints on the generators that are satisfied only in the doubleton representation, and as such this relation identifies uniquely the representation only in terms of the generators J. If the theory is expressed in any other form (such as particle description, or field theory) the doubleton representation can be identified in terms of the global symmetry as one that must satisfy the constraints (98), automatically requiring the 6 scalars φ [ab] as the lowest SU(4) multiplet. This is a completely PSU(2, 2|4) covariant and gauge invariant way of identifying the physical and unitary states of the theory. Of course, the d = 4, N = 4 SYM fields satisfy this criterion as seen above.
Twistors for d = 4, N = 8 SUGRA
We can repeat the N = 4 analysis of the superparticle or twistors for other values of N, and still d = 4. Twistor or 1T-superparticle are different gauge choices of the 2T superparticle action S 2T (X, P, g) , so we expect the same physical spectrum. In the 1T-superparticle gauge of Eq.(63) we start out with 4N real θ's in the action, but due to kappa supersymmetry only 2N real θ's can form physical states in the lightcone gauge. The quantum algebra among the physical θ's is the 2N dimensional Clifford algebra which is equivalent to N creation and N annihilation fermionic oscillators. With the creation operators we construct 2 N physical states, half are bosons and the other half are fermions. Therefore for the superparticle the lightcone spectrum is 2
Since each fermionic θ carries spin 1/2, and SU(N ) quantum numbers in the fundamental representation, we can obtain the SU(N ) and helicity quantum numbers of the physical sates by assigning a Young tableau 1/2 for the N creation operators with helicity 1/2, and take antisymmetric products (fermions) to construct the 2 Besides the N = 4 case that gave the SYM spectrum, a most interesting case is N = 8. This gives the top/bottom helicities for the bosons h = ±(8/4) = ±2, which correspond to the graviton. Therefore the full spectrum gives the N = 8, d = 4 supergravity spectrum.
We now analyze the theory in Eq.(75), for d = 4, and any N from the point of view of twistors. For general N the quantum ordered constraint is
where (−1) A = ±1 is inserted for the bose/fermi components since Z A is a PSU(2, 2|N ) supertwistor. In Z space this is rearranged to the form
We write Z A = zi ξa with z i = µ λ the 4 of SU(2, 2) ⊂PSU(2, 2|N ) and ξ a the N of SU(N ) ⊂PSU(2, 2|N ) . Then the superfield φ (Z) can be expanded in powers of the fermions ξ a
The equation
Comparing to Eq. (18) we see that the helicity of the wavefunction φ a1···an (z) is h n = we obviously get the gravity supermultiplet in the form of a field in twistor space 
We can also approach the twistor quantum theory from the point of view of oscillators.The formalism of Eqs. 
 
As explained in the case of N = 4, the representations under g ∓2 labeled as (2, 0, 1) and (0, 2, 1) are really the components of the gauge invariant curvature tensor R αβγδ and Rαβγδ in agreement with the table in Eq. (22) . Similar comments apply to the other states labeled as (j 1 , j 2 , dim (SU (8))) .
Supertwistors for d=6 and self dual supermultiplet
The superparticle in d = 6 and N = 4, derived from the 2T-physics theory S (X, P, g) as in Eq.(63), starts out with 6x, 6p, 16θ real degrees of freedom. Fixing τ, and kappa local gauges and solving constraints, reduces the physical degrees of freedom down to 5x, 5p, 8 θ. The superparticle action has a hidden global superconformal symmetry OSp(8 * |4) [?] [7] , therefore the physical states should be classified as a unitary representation under this group [15] .
If we quantize in the lightcone gauge we find 8 B + 8 F states, which should be compared to the physical fields of a six dimensional field theory
(105) taken in the lightcone gauge. Indeed we have the following 8 bosonic fields in the lightcone gauge: a self dual antisymmetric tensor A ij = iε ijkl A kl in SO(4) ⊂SO(5, 1)
It is seen that according to the canonical formalism, the oscillators identified above all have positive norm
We count the degrees of freedom before the constraints, and find that Z Aa has (8 B + 4 F ) × 2 = 16 B + 8 F real parameters (namely the complex a 1i , a 2i , ξ 1α , ξ 2α ). The constraints are due to a SU(2) gauge symmetry acting on the index a = 1, 2 (although it seems like SU(2) ×U(1) , the U(1) part is automatically satisfied because of the pseudoreal form of Z Aa ). The 3 gauge parameters and 3 constraints remove 6 bosonic degrees of freedom, and we remain with 10 B + 8 F physical degrees of freedom. This is the same as the count for the superparticle (5x, 5p, 8θ). It is obvious we have the same number of degrees of freedom and the same symmetries OSp(8 * |4) , with the symmetry being much more transparent in the twistor basis.
The quantum theory can proceed in terms of the oscillators. There is only one lowest physical state, namely the Fock vacuum |0 that is gauge invariant G|0 = 0, and is also annihilated by the double annihilation operators of SO(6, 2) in J = ZZ. All other G = 0 physical states are descendants of this one by applying all powers of J. The resulting representation is precisely the doubleton of OSp(8 * |4) which is equivalent to the fields in Eq. (105) and Table 3 below. This oscillator representation was worked out long ago in [32] using again the Bars-Günaydin method [31] .
The details of the doubleton are found as follows. First construct the SU(2) gauge singlet (i.e.. G = 0) ground states in Fock space as in the first column of Table  3 . The ground states are the states annihilated by the double annihilation bosonic generator (aa) = a ai a bj ε ab = a 1i a 2j − a 1j a 2i . This is one of the generators in
Str ZZ that sits in the conformal subgroup SO * (8) (i.e. spinor of SO(6, 2)). All the states that are annihilated by this generator are included in the first column below (note zero or one power ofā is obviously annihilated, the two powers ofā in the last item is possible only because of an appropriate symmetrization as described below, higher powers ofā cannot be annihilated by this generator if we also require annihilation by G) 
To insure that these are also annihilated by the SU(2) gauge generators G b a , we must combine the SU(2) gauge indices on the oscillators into SU(2) singlets. This guarantees that all of these states are physical. So ξξ , āξ and the creation generator (āā) stand for ξξ ≡ξ Table 3 we take into account that the a oscillators are bosons and the ξ oscillators are fermions, so under permutations of the a's there must be symmetry and under permutation of the ξ's there must be antisymmetry. These properties lead uniquely to the Young tableaux listed in the table. Next, for each SU(4) representation we combine the SU(2) representations into complete Sp(4) representations as in the third column of Table 3 . From this we can easily read off the corresponding fields as in the last column of Table 3 . Having established all possible ground states for the operator (aa) , we apply all possible powers of the generator (āā) on those ground states in order to obtain all the states of the irreducible representation. Applying the powers of (āā) just gives the descendants of the ground states. The collection of all these states is the same as starting with the single ground state |0 = (0, 0) and then applying all the powers of the OSp(8|4) generators J = ZZ − 1 4 Str ZZ . The reason for organizing the states as in Table 3 , is to read off the standard supersymmetry multiplet that corresponds to the fields in field theory as described in the next paragraph (Poincaré supersymmetry is a subgroup of OSp(8|4)).
In the last step of Table 3 we interpret SU(4) as the spacetime SO(5, 1) after an analytic continuation. The number of states in the field theory notation must match the number of states in the third column. For example the 5 states (1, 5) corresponds to φ [ab] which is a 4×4 antisymmetric, and traceless tensor under the Sp(4) metric, which has just 5 components. Also ∂ [λ A µν] + is a 10-component, 3-index antisymmetric and self-dual tensor, using SO(5, 1) vector indices µ, ν, λ, instead of the spinor indices = 10. These fields form the basis for the self-dual tensor supermultiplet under supersymmetry in 6 dimensions.
Of course they are also the basis of the infinite dimensional unitary representation of OSp(8|4) . The generators of the latter are of course the J = ZZ − 
2T superstring descends to twistor superstring
So far in these lectures I discussed superparticles and the associated supertwistors, and their physical spectra. These have a direct generalization to superstrings via the 2T superstring formalism given in [14] . Briefly, the action is S = dτ dσ L
, and L ± 2T are defined on the worldsheet as follows
, g(τ, σ) are now string fields, and ∂ ± = 1 2 (∂ σ ± ∂ τ ) . Here L ± 2T represent left/right movers, and there is open string boundary conditions. L G describes additional degrees of freedom that may be needed to insure a critical worldsheet theory that is conformally exact. In the case of the d = 4, N = 4 twistor superstring L G describes an internal current algebra for some SYM group G, with conformal central charge c = 28 [11] .
The local and global symmetries are similar to those of the particle and are described in [14] . The global symmetry is G super chosen for various d as in Table 1 . One must insure that there are no anomalies in the operator products of the local symmetry currents. Such details will be discussed elsewhere.
In the twistor gauge the 2T superstring above reduces to twistor superstrings, with the twistors described in the previous sections. In d = 4, and G super =SU(2, 2|4) the 2T superstring descends to the twistor superstring in the Berkovits version. There are open problems that remain to be resolved in this theory [13] , in particular the conformal supergravity sector is undesirable and some constraint that projects out this sector would be interesting to find.
For other values of d and G super these theories remain to be investigated. We know of course the particle limit of these worldsheet theories as discussed in these lectures. In particular the d = 4, N = 8 twistors lead to N = 8 supergravity in the particle limit, so this provides a starting point for an investigation similar to [16] . The local and global symmetries are discussed in the second part of section (3.3). In the particle-type gauge, the spectrum in the particle limit is the same as linearized type IIB SUGRA compactified on AdS 5 ×S 5 [24] for d + d ′ = 10, and 11D SUGRA compactified to AdS 4 ×S 7 or AdS 7 ×S 4 for d + d ′ = 11. In the twistor gauge this theory is currently being investigated by using the twistors in Eqs.(83,84).
In the 2T philosophy each one of these 2T superstrings have many duals that can be found and investigated by choosing various gauges. This is a completely open field of investigation at this time, and it could be quite interesting from the point of view of M-theory.
The analogies to certain aspects of M-theory are striking. Dualities in M-theory appear to be analogs of the Sp(2,R) and its generalizations discussed above, and illustrated in Fig.1 for the simplest model of 2T-physics. Taking into consideration that 2T-physics correctly describes 1T-physics, and provides a framework for a deeper view of spacetime and a new unification of 1T-dynamics, we are tempted to take the point of view that it probably applies also to M-theory. So possibly M-theory would eventually be most clearly formulated as a 13-dimensional theory with signature (11, 2) and global supersymmetry OSp(1|64). This is consistent with certain attractive features of the supergroup OSp(1|64) as a hidden symmetry of M-theory [25] - [28] .
The twistor approach discussed in these lectures may be a useful tool for further progress in this deeper direction as well as for developing new computational tools in conventional theories.
